Numerical solution of the nonlocal boundary value problem for elliptic equations
Introduction
The well-posedness in various Banach spaces of the local boundary value problem for the elliptic equation
in an arbitrary Banach space E with the positive operator A and its related applications have been investigated by many researchers (see, for example, [1] [2] [3] and the references given therein). In mathematical modeling, elliptic equations are used together with local boundary conditions specifying the solution on the boundary of the domain. In some cases, classical boundary conditions cannot describe process or phenomenon precisely. Therefore, mathematical models of various physical, chemical, biological or environmental processes often involve nonclassical conditions. The well-posedness of various nonlocal boundary value problems for partial differential and difference equations has been studied extensively by many researchers (see, e.g., [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] and the references given therein).
In the present paper the abstract nonlocal boundary value problem for differential equation of elliptic type
in the arbitrary Banach space E with the positive operator A is considered. The second order of approximation two-step difference scheme
for the approximate solution of problem (2) is presented. The stability of this difference scheme is established. In application, the stability estimates for the solution of the difference scheme for the elliptic differential problem with the Neumann boundary condition are obtained. Additionally, the illustrative numerical result is provided.
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Auxiliary results
In this section, we give some auxiliary statements from [1] which will be useful in the sequel. We consider the second order of accuracy difference scheme
of the approximate solution of the boundary value problem (1). This problem is uniquely solvable, and the following formula holds
where
Note that B(τ, A) = A Let us denote by
From the formula (5) it follows that the investigation of the stability and well-posedness of difference scheme (4) relies in an essential manner on a number of properties of the powers of the operator (I + τ B) −1 . We were not able to obtain the estimates for powers of the operator (I + τ B) −1 in the general cases of operator A. We begin by deriving some estimates for powers of the operator (I + τ B) −1 with a strongly positive operator A in a Banach space E. Lemma 1. Let A be a strongly positive operator in a Banach space E. Then −A is a generator of the analitic semigroup exp{−tA} (t ≥ 0) with exponentially decreasing norm, when t −→ +∞, i. e. we have the following estimates exp{−tA} E−→E ≤ M e −tδ (t > 0); (6)
for 1 ≤ M < +∞, 0 < δ < +∞. Here M does not depend on τ . Lemma 2. Let −A be a generator of the analytic semigroup exp{−tA} (t ≥ 0) with exponentially decreasing norm, when t −→ +∞. Then the following estimates hold for any k ≥ 1 :
where M does not depend on τ . We have the following results. Theorem 3. Let A be a strongly positive operator in a Banach space E. Then the difference problem (4) is stable in C τ (E). For the solution of the difference problem (4) the following stability inequality is satisfied:
where M does not depend on f τ , u 0 , u N and τ .
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Stability of difference problem (3)
We consider the difference problem (3). Using formula (5) and the nonlocal conditions
we get
Actually, applying formula (5), we get
By computing and interchanging the order of summation, we obtain
It follows that
From that there follow formulas (10) and (11).
Theorem 4. Let A be a strongly positive operator in a Banach space E and ψ = A
. For a solution of the difference problem (13) the following stability inequalities holds u
, where M 1 does not depend on f τ and τ . Proof. By Theorem 3 we have the following estimate
for solution of problem (4) . Therefore, to prove the theorem it is sufficient to establish estimates for u 0 E and ||u N E . Applying formulas (10) and (11), the triangle inequality and estimates (8), (9), we get
Theorem 4 is proved.

Application
Now, we will give the application of Theorem 4 to elliptic equations. Let Ω be the unit open cube in the n−dimensional Euclidean space R n (0 < x k < 1, 1 ≤ k ≤ n) with boundary S, Ω = Ω ∪ S. In [0, T ] × Ω we consider the nonlocal boundary value problem for the multidimensional elliptic equation
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where α r (x) (x ∈ Ω) and f (y, x) (y ∈ (0, T ), x ∈ Ω) are given smooth functions and α r (x) > 0, δ > 0 is a sufficiently large number. Here, − → m is a normal vector to S. The discretization of problem (13) is also carried out in two steps. In the first step, let us define the grid sets
We introduce the Banach spaces
and ϕ
respectively. To the differential operator A generated by problem (13), we assign the difference operator A 
acting in the space of grid functions u h (x), satisfying the condition
h is a self-adjoint positive definite operator in L 2 (Ω h ) and C(Ω h ). With the help of A x h , we arrive at the nonlocal boundary value problem
x ∈ Ω h , 0 < y < T ;
In the second step, we replace problem (17) by the second order of accuracy difference scheme (3)
Using the results of Theorem 4, we can obtain the following theorem.
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Then, solutions of difference scheme (18) satisfy the following estimates
The illustrative numerical result
When the analytical methods do not work properly, the numerical methods for obtaining approximate solutions of partial differential equations play an important role in applied mathematics.
For numerical analysis, we consider the nonlocal boundary problem for the two dimensional elliptic equation
The exact solution of this problem is u (t, x) = cos t cos x.
For an approximate solution of the nonlocal boundary problem (19), we consider the set [0, 2π] τ × [0, 2π] h of a family of grid points depending on the small parameters τ and h
For a numerical solution, we consider the difference scheme of the second order of accuracy in t and the first order of accuracy in x.
It is the system of algebraic equations and it can be written in the matrix form
Here, 
, and D = I N +1 is the identity matrix,
, s = n − 1, n, n + 1.
Therefore, to solve the matrix equation (21), we will use the modified Gauss elimination method. We seek the solution of the matrix equation by the following form:
.., M − 1) are (N + 1) × 1 column matrices, α 1 is the identity and β 1 are zero matrices and
Now, we give the error analysis between exact solutions u(t k , x n ) and the approximate solutions u 
The numerical results for the difference scheme (20) are given in the following tables 1, 2. As it is seen in Table 1 , if N and M are doubled, the value of errors decrease by a factor of approximately 1/2. Moreover, as it is seen in Table 2 , if N is doubled and M ≥ N 2 , the value of errors decrease by a factor of approximately 1/4 difference scheme as the second order of accuracy. v (s) ds = ψ локалдық емес шеттiк есептi жуықтап шешуге арналған екiншi реттi дәлдiгi бар екi адымды айрымдық схема келтiрiлген. Есеп қандай да бiр E Банах кеңiстi-гiнде қарастырылды. Айрымдық схеманың орнықты болатыны көрсетiлген. Қосымшада шеттiк шарт-тары Нейман түрiндегi дифференциалды есеп үшiн айырымдық схема шешiмiнiң орнықтылығын бағалаулар көрсетiлген. Сондай-ақ сандық есептеулердiң нәтижелерi берiлген.
Кiлт сөздер: орнықтылық, оң операторлар, эллипстiк теңдеулер, сандық нәтиже, екiншi реттi дәлдiгi.
